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Abstract The theory of Zero Extension Lines (ZEL), based on the solution of soil plasticity equations along
ZEL directions, has wide applications in determination of the bearing capacity and load–displacement
behavior of foundations and retaining walls. It is known that soil behavior and shear strength parameters
are stress level dependent. In fact, a dense soil presenting a dilative behavior under low stress levels
may show a contractive behavior under higher levels of stress. On the other hand, foundation size has
a significant effect on the level of imposed stress on subsoil elements. In this work, the ZEL method is
employed to consider the stress level dependency of soil strength in the bearing capacity computation
and load–displacement behavior of foundations. A computer code is developed to solve ZEL equations in
MATLAB. The results obtained by this numerical model have been then compared with experimental tests
and those obtained by other methods.
© 2011 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY license. 1. Introduction
Among several different approaches in determination of the
bearing capacity of shallow foundations, the famous triple-N
formula of Terzaghi [1] has been generally employed in the past
decades, and can be written as follows:
qult = cNc + qNq + 0.5γ BNγ . (1)
In this equation, qult is the ultimate bearing capacity, c is
cohesion, q is surcharge pressure, B is foundation width, γ is
soil density and Ni coefficients are bearing capacity factors,
which are functions of the soil friction angle. The third term
has been known as themain contributor to the bearing capacity
of shallow foundations on cohesionless soils. However, unlike
the first two factors, i.e. Nc and Nq, the third factor is the most
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Open access under CC BY license.challengeable. There are several suggested values for the third
factor by different authors [1–7]. Although all these methods
are, generally, based on a limit analysis solution, there are
differences between their assumptions for boundary conditions
and consideration of the soil weight effect. The third bearing
capacity factor, Nγ , has been computed by taking several
assumptions into account. For example, Terzaghi [1] assumed
that the components of the bearing capacity equation can be
safely superposed. Bolton and Lau [5] performed a study on the
effect of surcharge pressure on computed Nγ , and presented a
dimensionless factor, Ω , defined as the ratio of the surcharge
pressure, q, to γ B. They stated that if this factor is equal to,
or less than, 1.0, the effect of surcharge pressure leads to less
than 20% error in calculation of the bearing capacity factor, Nγ ,
which seems to be acceptable for practical purposes. Beside
these assumptions, almost all conventional methods assume
a constant field of soil friction angle to compute the bearing
capacity factors.
Considering the bearing capacity equation, the third term
suggests an increasing tendency in bearing capacity with an
increase in foundation size. However, data from De Beer [8],
Bolton and Lau [9] and Clark [10] show that the bearing capacity
of shallow foundations does not increase with size linearly,
and the bearing capacity factor, Nγ , decreases by increasing
foundation size. Recently, other investigations showed similar
results [11–15]. On the other hand, among some researchers,
Fellenius and Altaee [16] by inspecting the load–displacement
behavior of prototype foundations, showed that for settlements
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foundation behavior is not that of an approaching or reaching
ultimate failure mode.
Such observations are resulted from an important effect
called the scale effect, which can be related to the stress level
experienced by soil.
1.1. Zero extension lines method
The Zero Extension Lines (ZEL) theory,whichwas introduced
by Roscoe [17], has beenwidely developed in past decades. This
is a powerful numerical method with applications to a wide
range of problems in soil mechanics dealing with stress and
strain analyses. James andBransby [18] used them for strain and
deformation prediction behind a model retaining wall. Habiba-
gahi and Ghahramani [19] and Ghahramani and Clemence [20]
calculated soil pressures by considering the force-equilibrium
of soil elements between the zero extension lines. Jahanan-
dish et al. [21,22] presented the methodology for finding the
load–deflection behavior of foundation and retaining walls on
the basis of the ZEL theory. The general forms of these lines
were considered in this methodology and the variations of soil
shear strength parameters, i.e. cohesion and friction angle, with
the induced shear strain due to the deflection of the structure
in contact with soil, were also taken into account. Then, Anvar
and Ghahramani [23] used the matrix method for derivation of
differential equilibrium-yield equations along the stress char-
acteristics under plane strain conditions, and transferred them
along Zero Extension Lines. This approach was important, since
it allowed integration of the equations along the zero exten-
sion directions. Later, Jahanandish [24] considered a more gen-
eral case of axial symmetry, and obtained the equilibrium-yield
equations along the Zero Extension Lines by direct transforma-
tion, independent from the stress characteristics. Further devel-
opments of this method in recent years can also be found in the
literature [25,26].
Details of these derivations can be found in [23,24]. Only the
final forms of these equations are presented here.
The basic concept of this method is that for any state of
strain, two perpendicular directions of compressive and tensile
strains exist and therefore there are two directions alongwhich
linear axial strain increments are zero, making two families
of Zero Extension Lines, namely, minus (ε−) and plus (ε+)
directions. These lines make an angle equal to 2 ξ = π/2−ν at
any intersecting point. In soil mechanics, ν is known to be the
angle of soil dilation. If the co-axiality (similarity between the
directions of major principal stresses and strains) is assumed,
and if the major principal stress makes an angle of ψ with a
horizontal direction, the state of stresses, strains and the ZEL
directions can be considered according to Figure 1.
The zero extension directions are defined by [24]:
Equations for the ZEL Directions:
For + direction: dz
dr
= tan(ψ + ξ)
For − direction: dz
dr
= tan(ψ − ξ)
ξ = π
4
− ν
2
, (2)
where ξ = π/4 − ν/2 and the minus sign (−) stands for one
direction, and the plus sign (+) for the other.Figure 1: ZEL directions: (a) minor and major principal strains and (b) direc-
tions of the stress characteristics and the ZEL.
Based on the Jahanandish derivation [24], the final form of
equilibrium-yield equations along the ZEL directions for the
more general case of axial symmetry is:
Along the minus (−) ZEL:
dS + ∂T
∂ε+
dε− − 2T
cos ν

dψ − sin ν ∂ψ
∂ε+
dε−

= [fr cos(ψ − ξ)+ fz sin(ψ − ξ)]dε−
Along the plus (+) ZEL:
dS + ∂T
∂ε−
dε+ + 2T
cos ν

dψ − sin ν ∂ψ
∂ε−
dε+

= [fr cos(ψ + ξ)+ fz sin(ψ + ξ)]dε+.
(3)
In these equations, T is the radius of the Mohr circle for stress,
S is equal to (σz + σr)/2 and fx and fz are expressed by [24]:
fr = X − nTr (1+ cos 2ψ)
fz = Z − nTr sin 2ψ
(4)
where n is an integer equal to 1 for the axi-symmetric problems
and 0 for the plane strain case. As mentioned, these equations
are more general, so that those for plane strain can simply be
deduced from them by setting n = 0 and T = S sinφ + c cosφ.
It should also be mentioned that the variation in soil
strength parameters, c and φ, has also been considered in
these equations. Variation in c and φ can be due to the
nonhomogeneity of the soil mass. It can also be due to the
difference in shear stain at different points. This later relation
has already been used in obtaining the load–deflection behavior
of structures in contact with soil. Therefore, the ZELmethod can
be reasonably used for consideration of the stress level effect
on soil shear strength properties and consequently foundation
behavior.
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bearing capacity and predict the load–displacement behavior
of foundations, considering the stress level dependency of soil
shear strength. It is done by incorporating the original ZEL
equations with the capability of considering the variations of
soil cohesion and friction angle. This ability is employed in a
computer code in which variations of soil shear strength are
related to variations of stress level in the soil mass.
In the following parts, the stress level dependency of soil
shear strength is first investigated. Then the stress level depen-
dent values of the bearing capacity of shallow foundations is
computed and compared with existing experimental data. In
computation of the bearing capacity, an associated flow rule
has been assumed that makes it possible to compare the results
of this method with those obtained by the traditional bearing
capacity equation and suggested bearing capacity factors. As a
practical advantage, some design charts have been developed
to compute the bearing capacity factor, Nγ , for shallow foun-
dations as a function of foundation size. In the last section, the
load–displacement behavior of shallow foundations has been
studied in which a non-associated flow rule is assumed.
2. Stress level dependency of soil shear strength
Variations of maximum friction angle obtained in standard
laboratory shear tests with normal or confining pressure have
been widely observed. It has been recognized that the peak
friction angle of soils decreases with an increase in stress level,
and the Mohr failure envelope is a curve rather than a straight
line [9,27–29]. However, there is much evidence showing that
the critical state friction angle is constant, since a soil sample
reaches a constant strength at the critical state [30,31].
There are relationships between normal or confining
pressure and the soil angle of dilation from laboratory tests.
Bolton [29] proposed to correlate the maximum friction angle
to the soil relative density, Dr , and applied effective stress, σ , as
the following simplified forms:
φmax = φc.s. + 5 IR (plane-strain condition), (5a)
φmax = φc.s. + 3 IR (axi-symmetric condition), (5b)
IR = Dr(Q − ln(σ ))− R. (5c)
In these equations, φmax is maximum mobilized friction angle,
φc.s. is critical state friction angle, νmax is maximum dilation
angle, IR is dilatancy index, Dr is soil relative density (in
decimal), σ is the effective stress (in kPa) and Q and R are
constants. Bolton [29] recommended to use Q = 10 and R = 1.
Kumar et al. [32] performed a number of shear tests on
Bangalore sand and utilized these equations to express the
stress level dependency of tested specimens.
Clark [10] performed a series of triaxial tests on a dense silica
sand with density index of 88%, mean grain size (d50) equal
to 0.2 mm, coefficient of uniformity, Cu = 1.69, and density
of 15 kN/m3 at different confining pressures [10]. Based on
these results, the following simple equation was suggested to
correlate the maximum friction angle to the level of confining
pressure [10]:
φ = A(σ )M . (6)
In this equation, φ is the maximum mobilized friction angle as
a function of σ , σ is confining pressure (σ3 in the triaxial test
or normal stress, σn, in the direct shear test), A is a factor that
can be considered as the peak friction angle at unit confining
pressure andM is an exponent. Using this equation, there is noFigure 2: A ZEL net before and after deformation.
need to determine the relative density in the laboratory, and the
coefficients can be determined simply by standard shear tests
on soil samples.
These coefficients were determined by Clark [10] for the soil
used in his study from triaxial test results at different confining
pressures.
The direct shear test results of Kumar et al. [32] have
been utilized to check the validity of this relatively simple
equation for other soil types in a direct shear test. Kumar
and his co-workers have performed extensive laboratory
shear tests on Bangalore sand. This type of sand consists of
an average grain size (D50) of 0.62 mm, D10 = 0.23 mm,
D30 = 0.40 mm and D60 = 0.78 mm. Also Cu = 3.4 and
Cc = 0.9. Therefore, this sand can be classified as poorly
graded sand (SP). Maximum and minimum densities were
found to be 18.13 kN/m3 and 14.3 kN/m3, respectively. Direct
shear tests have been performed at densities of 15.21 kN/m3,
16.19 kN/m3, 17.17 kN/m3 and 17.66 kN/m3, corresponding
to relative densities equal to 28.5%, 55.6%, 79.6% and 90.6%,
respectively. Variations of soil friction angle versus normal
effective stress on a semi log scale plot show the validity of the
suggested equation by Clark, for this type of sand [33].
3. Numerical solution procedure
3.1. Stress field
The ZEL equations can be solved by numerical techniques. To
do this, according to Jahanandish [24], starting from a boundary
on which all necessary information, i.e. values of r, z, S and ψ ,
are readily known, the equations are written in finite difference
form and the unknowns are determined at the next points
of the domain. For example, considering Figure 2, assume the
boundary A1A3 to be a boundary with predefined values of
r, z, S and ψ . The ZEL equations can be numerically solved
to find unknowns in point B1, based on A1 and A2. A similar
procedure can be used for points B2 and C1. For details of the
calculations and assumptions, one may refer to [24].
3.2. Strain and displacement field
The ZEL method can also be used to find the velocity field.
Since the Zero Extension Lines are lines of zero axial strains, the
ZELwould be used as rigid links that canmove or rotatewithout
axial deformation. As a consequence, for a given deformation
boundary condition, the generated displacements in the ZEL net
can be computed by the following equation:
du
dw
= −dz
dr
. (7)
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In this equation, u and w are horizontal and vertical displace-
ments. The finite difference forms of these equations can be
used to find the deformed ZEL net for further computations
which are presented in the Appendix. When the velocity field
has been found, themaximum shear strains can be determined.
The developed shear strains can be determined from the dis-
placement field obtained from the boundary deflection. The
shear strains can then be used to find the mobilized friction an-
gle at different points of the ZEL net by using the relationship
between γmax and sinφmob.
3.3. Numerical solution and the developed code
Simultaneous solution of the ZEL equations requires a
system of four equations and four unknowns, which as stated
before, is done using a triple point strategy. A computer code in
MATLABwas developed to solve the ZEL equations, considering
the stress level dependency of soil friction angles. This is
done by a definition of the geometry of the problem, insertion
of soil parameters and properties, initiation of stress field,
and computation of load–displacement behavior by the ZEL
method. Initiation of the stresses is performed by the Jaky
formula (presented in many soil mechanics texts, such as [34])
as follows:
k0 = 1− sinφc.s.. (8)
This code is capable of solving the ZEL equations for both
axi-symmetric and plane strain problems and is comprised of
three different computational blocks and some supplementary
functions. Major parts of the code can be found in the Appendix
of this paper, alongwith a flowchart showing the computational
procedure illustrated in Figure A.1.
3.4. Boundary condition
It is necessary to consider an appropriate boundary con-
dition in particular for a rough base foundation. In this re-
search, the boundary condition of Bolton and Lau is assumed [5].
They supposed that a rigid triangular wedge (or cone in axi-
symmetric problems) is formed beneath the foundation, as
shown in Figure 3. According toMeyerhof, it is inclined at angle
α equal to π/4+ φ/2 [2,5].
4. Bearing capacity problem
As stated before, the first objective of this work is to study
the effect of the stress level on the bearing capacity of shallow
foundations. First, the developed computed code is verified by
traditionalmethods and, then, the code is employed to estimate
the bearing capacity of shallow foundations, considering the
stress level influence on soil shear strength parameters.Table 1: Values of Nq for strip foundations by ZEL and closed form solution.
φ (°) Nq (closed-form) Nq (ZEL)
0 1.0 1.0
10 2.5 2.5
20 6.4 6.3
30 18.4 18.1
40 64.1 62.5
4.1. Verification of the developed computer code
The ZEL net and foundation pressure distribution for the case
of a weightless soil with φ = 40° in which the second bearing
capacity factor, Nq, can be computed, is shown in Figure 4.
Table 1 shows the computed values of Nq in comparison with
closed form solutions for strip foundations. The values are
reasonably the same as the closed form solutions found in the
literature.
As stated earlier, computation of the third bearing capacity
factor, Nγ , has been performed by many authors. Among
them, several authors have applied the slip line method of
Sokolovksii [35] to compute this factor for different cases of
smooth and rough base foundations in plane strain and axi-
symmetric problems [3,5,36,37]. Since the assumptions made
by Bolton and Lau have the most similarity with the method
implemented in this study, and their boundary conditions have
been considered in the analyses, the results obtaind by them
have been compared with the results of this paper [5]. The
third bearing capacity factor,Nγ , was also computed for a range
of soil friction angles for both strip and circular foundations.
The surcharge pressure was kept so low that the value of the
dimensionless factor, Ω , is not more than 0.05; this prevents
any superposition assumption. This factor was computed under
both plane strain and axi-symmetric conditions for smooth and
rough base foundations. Figure 5 shows the ZEL net for a rough
base circular foundation of 2.0 m in width on a frictional heavy
soil with φ = 40° and γ = 20 kN/m3. The stress distribution
beneath the foundation is also shown in this figure.
Table 2 shows the computed values in comparison with
the results of Bolton and Lau [5], which have been calculated
by the method of stress characteristics. The computed values
show reasonable agreementwith the results obtained by Bolton
and Lau [5] based on the method of stress characteristics. The
slight difference between the results can be related to the
assumptionsmade in this study, the coarseness of themesh and
the assumed value ofΩ .
4.2. Bearing capacity considering stress level
It was stated that foundation size has an important effect
on the bearing capacity of shallow foundations. The previous
methods neglect this effect and present similar values for the
bearing capacity factor, Nγ , for different size foundations, by
assuming a constant friction angle for the entire soil body.
These values are valid only for small foundations. For large
foundations, however, these are questionable and seem to be
over-estimated. For example, Eslami and Gholami inspected
some case studies and suggested using in situ tests to eliminate
difficulties in computing the bearing capacity coefficients [38].
There are also some modifications on the bearing capacity
equation to prevent unlimited increase in bearing capacity
by increasing the foundation size. Bowles [39] suggested a
reduction factor for the third bearing capacity term, as follows:
rγ = 1− 0.25 log

B
2

. (9)
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φ (°) Strip foundations Circular foundations
Rough base Smooth base Rough base Smooth base
Bolton and
Lau [5]
Present
study
Bolton and
Lau [5]
Present
study
Bolton and
Lau [5]
Present
study
Bolton and
Lau [5]
Present
study
10 1.71 1.7 0.29 0.3 1.37 1.3 0.21 0.25
20 5.97 6 1.6 1.8 6.04 6.25 1.3 1.4
30 23.6 23 7.74 8 31.9 34 7.1 7.5
40 121 120 44 43 238 260 51 54Figure 5: ZEL net for a circular smooth base foundation on a frictional ponderable soil for computing Nγ . (a) ZEL net, and (b) soil pressure.In this equation, B is the foundation size in meters and rγ
is the reduction factor for the third bearing capacity term.
The advantages and limitation of this reduction factor will be
checked along with more precise analyses with the aid of the
stress level based ZEL method.
Meyerhof [27] and De Beer [28] suggested using the value of
the friction angle corresponding to the mean normal effective
stress, σm, along the failure surface obtained by the following
relationship:
σm = 0.25qult(1− sinφ). (10)
Using the relationships between stress states in a Mohr circle
of stresses, the value of confining pressure, σ3, along the
failure surface can be determined. The corresponding value
of the soil friction angle can then be found as a function of
ultimate bearing capacity. An iterative procedure is required for
convergence.
At this point, the advantage of the ZEL method is em-
ployed to predict the actual bearing capacity of shallow foun-
dations, with consideration of the stress level dependentnature of subsoil elements. To do this, a practical case is investi-
gated. It should be noted that since the large scale foundations
are beyond the capacities of common testing equipment, the
centrifuge tests have been developed for modeling large foun-
dations in the laboratory. In 1985, Kimura and his coworkers
performed a series of centrifuge tests on compacted layers of
Toyoura sand in a dense state to explain the scale effect of shal-
low foundations on the bearing capacity [40]. Toyoura sand has
been used in many experimental programs, and its properties
have been reported by several authors [15,41,42]. In this work,
a summary of Toyoura sand properties, which are assumed in
the analyses, is presented in Table 3.
To take the effect of stress level into account, it is necessary
to define a relationship between the soil maximum friction
angle and confining pressure. The stress level dependency of the
soil friction angle has been expressed by the Bolton suggested
relationship [29], which was presented earlier. It relates the
state of dense sand (its relative density) to its maximum
mobilized friction angle as a function of stress level in different
laboratory shear tests.
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Parameter Value Remarks
emax 0.99 N.A.**
emin 0.61 N.A.
eexp . 0.67 N.A.
Dr (%) 84%
γd (kN/m3) 15.9
φc.s. (°) 35
φpeak (°)* 44–50 N.A.
* Approximate value.
** N.A.: Not applicable for the analyses.
By incorporating this relationship, a number of analyses
were performed to calculate the bearing capacity factor, Nγ ,
for different size foundations tested by Kimura et al. [40] in a
centrifuge facility. Bearing capacity tests were performed for
model rough footings with three different breadths (B) of 20, 30
and 40 mm at different embedment depths. The experiments
were conducted both in the centrifuge with accelerations of
log, 20g and 40g , and in the laboratory, i.e. at l.0g , resulting
in equivalent foundations of different sizes. The rough base
boundary condition of Bolton and Lau [5] was utilized for the
analyses. Figures 6 and 7 show the results of the analyses for
two different size circular foundations, i.e. 0.3 m and 1.6 m, by
the ZEL method, along with foundation pressures at failure. In
these figures, the variation of soil maximum friction angle is
also depicted, showing a decreasing tendency with an increase
in stress level; e.g. the lowermost values near the foundation
base. Comparison between these two cases shows that the
soil friction angle is generally higher for smaller foundations,
resulting in higher bearing capacity factors, Nγ . At this point,
it is necessary to state that although Toyoura sand is highlynon-associative, a comparison between the results obtained
by traditional methods, without considering the stress level
dependency of the soil friction angle, and the results obtained
by the current study, inwhich such a dependency is considered,
an associative flow rule is assumed. Therefore, the value of Nγ
can be compared to those suggested in the literature and shows
the influence of the stress level dependency of the soil friction
angle.
Table 4 shows the obtained data from calculations and
experimental tests. For each size, three tests have been carried
out by Kimura and his coworkers. For this work, the average
values are presented in the table with approximately 10% error.
In this table, another comparison was made with the suggested
formula of Meyerhof [2] for critical state and peak friction
angles. Values corresponding to peak friction angle have been
calculated for two limits of the suggested range forφpeak, i.e. 44°
and 50°, resulting in Nγ equal to 211 and 873, respectively.
The results show that the ZEL method can reasonably
provide the bearing capacity factor,Nγ , for shallow foundations,
considering the stress level dependency of the soil friction
angle. It is also remarkable that while the minimum value for
the peak friction angle (in the Meyerhof equation) provides
almost the lowermost value of Nγ , its maximum value is well
above the uppermost value of Nγ , observed in experimental
tests. It should also be noted that the value of Nγ corresponding
to the critical state soil friction angle is reasonably below the
lowermost values obtained from test results and hence is highly
conservative. It is worth mentioning that the lowermost value
obtained from the ZELmethod is 53 for the critical state friction
angle, and the uppermost value is ranged between 246 and 956
for the peak friction angle.
By performing a number of analyses and employing the
relationships for soil friction angle variations at different stress
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B (m) Nγ (Experiment) ZEL Meyerhof [2]
Nγ φEq. (°)* Nγ for φc.s. Nγ for φpeak φEq. (°)
0.03 580 – – 33** 211–873 48.5
0.3 450 510 47.5 33 211–873 48
0.6 350 410 46.5 33 211–873 47
0.8 300 370 46.0 33 211–873 46
1.2 270 320 45.5 33 211–873 45.5
1.6 250 300 45.0 33 211–873 45
* By suggested equation based on the ZEL method.
** Corresponding value obtained from the ZEL method is 53 for φc.s. , and 246–956 for φpeak (suggested equation).Figure 8: Variation of the bearing capacity factor, Nγ , for strip foundations
(Dr = 50% and φc.s. = 30°).
levels, some design charts have been suggested to relate the
actual bearing capacity factor, Nγ , to the foundation size by the
ZEL method. In this paper, a number of these charts have been
represented in Figures 8–11.
5. Load–displacement behavior
As stated before, strain and velocity fields can be found
by the ZEL for any arbitrary displacement boundary condition,
i.e. foundation translation or rotation. There are several
problems involved in testing large scale foundations. Many
foundation load tests have been conducted on small scale
model footings. Therefore, numerical techniques can be a good
alternative to predicting the load–displacement behavior of
foundations, instead of costly anddifficult foundation load tests.
In this part, the ZEL method has been employed for prediction
of the load–displacement behavior of shallow foundations by
investigation of an existing case study.
5.1. Experimental tests of clark
An experimental program was performed by Clark to study
the effect of foundation size on the bearing capacity and
load–displacement behavior of foundations on strong soils [10].
Small to large scale circular foundations were tested in the
program. As stated by Clark, a model test footing (43.7 mm in
diameter) was tested in a centrifuge apparatus at accelerations
of 1, 10, 40, 100 and 160g . The resulting diameters of the
prototype foundations were 0.044 m, 0.437 m, 1.75 m, 4.37 m
and 6.99 m, respectively. A dry dense sand was used for
tests with γd = 15.04 kN/m3 [10]. The peak friction angle was
determined to be ranged between 39° and 49°. An averageFigure 9: Variation of the bearing capacity factor, Nγ , for strip foundations
(Dr = 50% and φc.s. = 40°).
Figure 10: Variation of the bearing capacity factor, Nγ , for circular foundations
(Dr = 50% and φc.s. = 30°).
critical state soil friction angle of 36° was assumed for the
analyses regarding triaxial test results. Complete test data
on this soil was described by Clark and, for the purpose of
this work, the relationship between sinφmob and maximum
shear strain, γmax, was developed, according to laboratory test
results. As stated in the literature, the ZEL method requires
the relationship between sinφmob and γmax to compute the
complete load–displacement field [17,22–24]; this is shown in
Figure 12. The soil maximum dilation angle was estimated to
vary between 5° and 20°, considering triaxial test results. To
prevent difficulties in numerical solution, a dilation angle equal
to 16°was assumed for all analyzed cases.
Figure 13 shows the ZEL net and velocity field for a
0.44 m diameter foundation. The results show good agreement
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(Dr = 50% and φc.s. = 40°).
Figure 12: Developed stress–strain relationship of tested sand of Clark [10],
obtained from triaxial tests.
between experiments and predictions by the ZEL method.
Figure 14 shows the deformed ZEL net after 7.5% relative
settlement for the 6.99 m diameter foundation.
Figure 15 shows the load–displacement curves for different
size foundations. It is obvious that the results of the analyses
are in good agreement with experimental data. Therefore, the
stress level based ZEL method is capable of predicting the
load–displacement behavior of shallow foundations.The results show that for small foundations, there is an ap-
parent peak bearing pressure, which is gradually disappeared
by increasing the foundation size. Therefore, smaller founda-
tions over a certain soil type show a general shear failuremech-
anism, whereas this mode of failure is getting more localized
for larger ones over the same soil. This transition in foundation
behavior can be captured by the stress level based ZEL method
described in this paper. This phenomenon suggests that for rel-
atively large foundations, lower values of soil friction angle are
mobilized, and it tends to a transition between the modes of
failure.When themajor part of the soil undergoes very high lev-
els of stress, maximummobilized friction angles cannot exceed
the critical state value and, as a consequence, a local shear fail-
ure without a peak pressure could be observed.
Another important conclusion is that the load–displacement
curve obtained from the ZEL method can reasonably be used
for prediction of the ultimate bearing capacity of foundations.
In spite of the bearing capacity obtained from the traditional
equation, in the load–displacement approach, it is possible to
answer the raised questions on the magnitude of the relative
settlement at failure, possible failure mechanism and the peak
bearing pressure. This provides a relatively thorough insight
into foundation behavior under the increasing trend of loading,
and reveals whether a peak bearing pressure could be expected
or that the foundation will continue to settle without reaching
or approaching an apparent ultimate pressure. Therefore, by a
stress level ZEL approach, it is possible to distinguish foundation
behavior over different soil types regarding foundation sizes,
while a small foundation on a relatively dense soil may show
a general shear failure mechanism, a larger foundation on
the same soil would behave in a different way. As a result,
the distinction between different foundation behaviors is not
related to soil conditions alone; the foundation size effect
through a stress level approach should also be taken into
account.
6. Conclusions
The ZEL method, which has been developed for many
problems in soil mechanics, was employed in this paper for
investigation of shallow foundation behavior, considering the
stress level effect. Since the variations of soil shear strength
parameters are included in the ZEL equations, it is possible to
use these equations to consider the stress level dependency
of the soil friction angle. This property of the ZEL methodFigure 13: Analysis results for a circular foundation, 0.44 m in diameter. (a) ZEL net, and (b) velocity field.
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and the bearing capacity and load–displacement behavior of
foundations have been studied using comparisonswith existing
experimental data.
The results show that when the bearing capacity factor,
Nγ , has been experimentally found to be decreasing with
an increase in foundation size, this phenomenon can be
reasonably captured in the stress level dependent ZEL method.
Comparison between the results obtained from the ZEL
method and those obtained experimentally revealed that while
the stress level effect is considered, the ZEL method can
provide reasonable predictions on both the bearing capacity
and load–displacement behaviors of shallow foundations. The
bearing capacity from a load–displacement approach, taking
the stress level effect into account, makes it possible to consider
the displacements besides foundation pressure. Further study
on the results showed the transition between general shear
failure and local shear failure modes when the foundation
size increases. This phenomenon can be considered as a direct
result of the stress level dependency of soil shear strength
parameters, which are predicted by the stress level based ZEL
method and the developed computer code. Such observations
suggest using a load–displacement curve to find the actual
ultimate load on the foundations, rather than a relatively
rough estimate from the conventional bearing capacity formula.
The load–displacement approach, based on the presented ZEL
method, by considering the stress level effect, prevents two
common problems involved in the bearing capacity equations:
first, taking a constant value of the soil friction angle without
the foundation size effect, widely observed by the researchers
through experimental tests, and second, no consideration of the
foundation relative settlement at failure, which is important
for the performance of the structure. The stress level based
method presented in this paper can also capture the possible
mechanism of failure under different size foundations over the
same soil type.
Appendix
Finite difference forms of the equations
The ZEL method provides the plasticity equations along
the Zero Extension Lines (lines along which, axial strains are
zero). The main differences between this method and the
method of stress characteristics are that the ZEL method can
be applied to both associative and non-associative flow rule
conditions, and the ZEL method can be used to find the strainFigure 15: Results of load–displacement analyses in comparison with
experimental data of Clark [10].
field, as well as the stress field; hence it can be used for
load–displacement problems. Once the strain field obtained
by a known displacement at the displacement boundary has
been found, and if the relationship between the mobilized soil
friction angle, sinφmob, and the maximum shear strain, γmax,
exist, a complete load–displacement behavior of any structure
in contact with soil can be predicted; this is shown in the
literature [17,20–24].
The plasticity equations along the ZEL directions have been
derived by Anvar and Ghahramani [23] and Jahanandish [24],
and more details on the derivation of these equations can
be found in their work. There are four equations and four
unknowns at each point, e.g. for an arbitrary point like C ,
calculations should be performed to find the unknowns at point
C from the existing data of the previous two points, namely, A
and B. For terms without a subscript index, the averaged values
between two successive points should be used. For example,
angle ψ is initially set equal to ψA and, after the first round of
iterations, it is replaced by the averaged value of ψA and ψC
along the positive direction. The finite difference forms of the
equations are as follows:
For+ tive ZEL: (zC − zA)
(rC − rA) = tan(ψ + ξ)
For− tive ZEL: (zC − zB)
(rC − rB) = tan(ψ − ξ).
(A.1)
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Along the plus (+) ZEL:
(SC − SA)+ (TC − TB)
∆BC
∆AC + 2Tcos ν ((ψC − ψA)
− sin ν (ψC − ψB)
∆BC
∆AC ) = [fr cos(ψ + ξ)
+ fz sin(ψ + ξ)]∆AC
Along the minus(−)ZEL:
(SC − SB)+ (TC − TA)
∆AC
∆BC − 2Tcos ν ((ψC − ψB)
− sin ν (ψC − ψA)
∆AC
∆BC ) = [fr cos(ψ − ξ)
+ fz sin(ψ − ξ)]∆BC
(A.2)
∆AC =

(rA − rC )2 + (zA − zC )2 = dε+
∆BC =

(rB − rC )2 + (zB − zC )2 = dε−.
(A.3)
Displacement equations:
The displacement field can be found by the following
equations:
dudr + dvdz = 0
⇒

(uB2 − uA2)(rB2 − rA2)+ (wB2 − wA2)(zB2 − zA2) = 0
(uB2 − uA3)(rB2 − rA3)+ (wB2 − wA3)(zB2 − zA3) = 0.
(A.4)
Now, if the displacements are determined, the strain field and,
as a consequence, maximum mobilized shear strain can be
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Maximum shear strain can be calculated as follows:
γrz =
[
cos(ψ + ξ) ∂u
∂ε−
− cos(ψ − ξ) ∂u
∂ε+
− sin(ψ + ξ) ∂w
∂ε−
+ sin(ψ − ξ) ∂w
∂ε+
]
cos ν. (A.5)
Description of the developed computer code and computational
procedure
Block 1: Input data. In the first block, the input parameters are
defined, containing soil geotechnical properties necessary for
the equations and geometry of the problem. These parameters
include: soil density, shear strength parameters, relative den-
sity, foundation size (width) and failure mechanism (smooth or
rough base foundation), surcharge pressure etc. There are also
some controlling parameters, such as number of iterations and
the convergence criterion (precision of the result).
Block 2: Calculations. In this block, the calculation procedure
starts from a boundary on which all necessary data are
prescribed. For the certain case of the bearing capacity problem,
this boundary is the ground surface over which a surcharge
pressure may or may not exist. It is, however, necessary to
define a very small value for the surcharge pressure in the
absence of any actual surcharge load. It is necessary to avoid
a trivial solution for the partial differential equations of the
ZEL method. A triple-point procedure is used to calculate the
unknown variables at the third point using the finite difference
forms of the ZEL equations.
There is a subroutine that performs the numerical solutions
for every point within the domain. Once the initial stresses
are computed for an arbitrary point in the domain, an
iteration procedure is performed to compute the corresponding
mobilized friction angle, in the case of a stress level dependent
soil friction angle, as a function of stress level, i.e. confining
pressure, σ3. In this procedure, the stresses are first computed
and then corresponding mobilized friction angles are obtained.
Since the stresses depend on values of the soilmobilized friction
angle, the procedure is repeated until the convergence criterion
is met (no significant change in the calculated values from
previous step). There is also another function within which
the mobilized soil friction angle is computed. In this function,
the dependency of the soil friction angle to the stress level is
defined. Later, the computation for the next point in the domain
is performed to compute all unknown values in the field.
Computation of the stress field is also possible by applying a
displacement boundary. This procedure can be used to predict
load–displacement behavior. To do this, it is necessary first to
construct the ZEL field. This can be done by initializing the stress
field. Since the ZEL net is assumed to be constant during the
analysis, it is required to find an appropriate ZEL field. According
to James and Bransby, for amajor part of shearing, the soil angle
of dilation remains constant and hence this fact can be used
as a basis for initializing the ZEL field [18]. Therefore, at the
beginning, the ZEL field is constructed for an initial value of
the soil friction angle and the soil angle of dilation. Regarding
the variations of soil friction angle at each point during the
analysis, and the stress level dependency of this parameter, and
considering that for higher shear strains, a critical state soil
friction angle ismobilized, it seems to be reasonable to initialize
the ZEL net by φc.s. and νmax at each point. It also prevents
difficulties involved in highly non-associated fields because of
the coaxiality assumption, which forces the direction of theprincipal strains and stresses to be the same. The developed
code is capable of taking a variable ν field into account through
a supplementary function. To do this, an iteration procedure
is performed after the first initialization of the field over the
value of νmax to find corresponding values, depending on stress
levels at each point, regarding the variations of the soil angle of
dilationwith the stress level. There is a supplementary function
in the code to compute variations of soil dilation angle. A
constant φ and constant ν field can also be obtained for some
certain cases, for example, an associative flow rule assumption
in which ν = φ, with constant values of soil friction angle and
dilation angle in the entire domain. Such a procedure can be
used for computation of the ordinary bearing capacity factors.
Now the ZEL net is ready and can be used for computation
of the bearing capacity or prediction of the load–displacement
behavior. If the bearing capacity is required, it is sufficient
to introduce the dependency of the soil maximum mobilized
friction angle to the stress level and proceed with finding the
appropriate stress field.
If a load–displacement analysis is required, another com-
putation should be performed. It is remarkable that the stress
field obtained from the initialization is not the actual initial
stress field, since it corresponds to a limit state at which higher
soil friction angles are mobilized. However, at the beginning of
foundation loading, the subsoil is in at-rest condition. There-
fore, another procedure is necessary by which initial stresses
are computed by a k0 procedure. In this part, the initial stresses
in depth are computed, regarding the value of the soil coeffi-
cient of the earth pressure at rest. This is done according to the
Jaky formula.
Then the current stress field is used for the first step
of loading and displacements. It should be noted that the
smaller the applied displacements, the higher the accuracy of
the solution, considering the stress level dependency of the
soil stress–strain curves. Therefore, applying any displacement
increment results in a velocity and strain field by which the
maximum shear strains can be calculated at each point. This
shear strain along with the stress level of the previous step
is used to find the mobilized friction angle of the next step
and accordingly the stress field. This can be done by using the
relationship between γmax and sinφmob, which are stress level
dependent functions obtained from laboratory tests at different
confining pressures.
Block 3: Output. In this block, output data is presented. Output
contains all unknowns within the field, i.e. mean stress,
angle ψ , x and z coordinates of any point in the domain,
mobilized friction angle of corresponding points, ultimate
bearing pressure and the bearing capacity of the foundation or
the load–displacement curve.
The flowchart of the developed computer code is shown in
Figure A.1.
References
[1] Terzaghi, K., Theoretical Soil Mechanics, John Wiley and Sons, Inc., NY,
(1943).
[2] Meyerhof, G.G. ‘‘Some recent research on the bearing capacity of
foundations’’, Canadian Geotechnical Journal, 1, pp. 16–26 (1963).
[3] Hansen, J.B. A Revised and Extended Formula for Bearing Capacity, Danish
Geotechnical Institute, Copenhagen, Bulletin, 28, 1970, pp. 5–11.
[4] Vesić, A.S. ‘‘Analysis of ultimate loads of shallow foundations’’, Journal of
the Soil Mechanics and Foundations Division, ASCE, 99, pp. 45–73 (1973).
[5] Bolton,M.D. and Lau, C.K. ‘‘Vertical bearing capacity factors for circular and
strip footings on Mohr–Coulomb soil’’, Canadian Geotechnical Journal, 30,
pp. 1024–1033 (1993).
[6] Michalowski, R.L. ‘‘An estimate of the influence of soil weight on bearing
capacity using limit analysis’’, Soils and Foundations, 37(4), pp. 57–64
(1997) Japanese Geotechnical Society.
M. Veiskarami et al. / Scientia Iranica, Transactions A: Civil Engineering 18 (2011) 16–27 27[7] Hjiaj, M., Lyamin, A.V. and Sloan, S.W. ‘‘Numerical limit analysis solutions
for the bearing capacity factor Nγ∀’’, International Journal of Solids and
Structures, 42, pp. 1681–1704 (2005) Elsevier.
[8] De Beer, E.E. ‘‘Bearing capacity and settlement of shallow foundations
on sand’’, in: Proc. of the Bearing Capacity and Settlement of Foundations
Symposium, Duke University, Durham, NC, 1965, pp. 15–34.
[9] Bolton, M.D., Lau, C.K. ‘‘Scale effect in the bearing capacity of granular
soils’’, in: Proc. of the 12th Int’l Conf. on SoilMech. Found. Eng., Rio De Janeiro,
Brazil, 2, 1989, pp. 895–898.
[10] Clark, J.I. ‘‘The settlement and bearing capacity of very large foundations
on strong soils: 1996 R.M. Hardy Keynote address’’, Canadian Geotechnical
Journal, 35, pp. 131–145 (1998).
[11] Cerato, A.B. Scale effect of shallow foundation bearing capacity on granular
material, Ph.D. Dissertation, University of Massachusetts Amherst, 2005,
461 p.
[12] Cerato, A.B. and Lutenegger, A.J. ‘‘Bearing capacity of square and circular
footings on a finite layer of granular soil underlain by a rigid base’’,
Journal of Geotechnical and Geoenvironmental Engineering, ASCE, 32(11),
pp. 1496–1501 (2006).
[13] Cerato, A.B. and Lutenegger, A.J. ‘‘Scale effects of shallow foundation
bearing capacity on granular material’’, Journal of Geotechnical and
Geoenvironmental Engineering, ASCE, 133(10), pp. 1192–1202 (2007).
[14] Kumar, J. and Khatri, V.N. ‘‘Effect of footing width on bearing capacity
factorNγ ’’, Journal of Geotechnical andGeoenvironmental Engineering, ASCE,
134(9), pp. 1299–1310 (2008).
[15] Yamamoto, N., Randolph, M.F. and Einav, I. ‘‘Numerical study of the effect
of foundation size for a wide range of sands’’, Journal of Geotechnical and
Geoenvironmental Engineering, ASCE, 135(1), pp. 37–45 (2009).
[16] Fellenius, B.H., Altaee, A. ‘‘Stress and settlement of footings in sand’’,
in: Proc. of the American Society of Civil Engineering, ASCE, Conference on
Vertical and Horizontal Deformations for Foundations and Embankments,
Geotechnical Special Publication, GSP, No. 40, College Station, TX, June
16–18, 1994, 2, 1994, pp. 1760–1773.
[17] Roscoe, K.H. ‘‘The influence of strains in soil mechanics’’, Tenth Rankine
Lecture, Géotechnique, 20(2), pp. 129–170 (1970).
[18] James, R.G. and Bransby, P.L. ‘‘A velocity field for some passive earth
pressure problems’’, Géotechnique, 21(1), pp. 61–83 (1971).
[19] Habibagahi, K. and Ghahramani, A. ‘‘Zero extension line theory of earth
pressure’’, Journal of the Geotechnical Engineering Division, ASCE, 105(GT7),
pp. 881–896 (1979).
[20] Ghahramani, A. and Clemence, S.P. ‘‘Zero extension line theory of dynamic
passive pressure’’, Journal of the Geotechnical Engineering Division, ASCE,
106(6), pp. 631–644 (1980).
[21] Jahanandish, M. Zero extension line net and its application in soil
mechanics, M.Sc. Thesis, Shiraz University, Shiraz, Iran, 1988.
[22] Jahanandish, M., Behpoor, L., Ghahramani, A. ‘‘Load–displacement char-
acteristics of retaining walls’’, in: Proc. of the 12th Int’l Conf. on Soil Mech.
Found. Eng., Rio De Janeiro, Brazil, 1, 1989, pp. 243–246.
[23] Anvar, S.A. and Ghahramani, A. ‘‘Equilibrium equations on zero extension
lines and their application to soil engineering’’, Iranian Journal of Science
and Technology (IJST) Transaction B, 21(1), pp. 11–34 (1997) Shiraz
University Press.
[24] Jahanandish, M. ‘‘Development of a zero extension line method for axially
symmetric problems in soil mechanics’’, Scientia Iranica Journal, 10(2),
pp. 1–8 (2003) Sharif University of Technology Press.
[25] Jahanandish, M. and Eslami Haghighat, A. ‘‘Analysis of boundary value
problems in soil plasticity assuming non-coaxiality’’, Iranian Journal of
Science and Technology (IJST) Transaction B, 28(B5), pp. 583–594 (2004)
Shiraz University Press.
[26] Jahanandish, M., Veiskarami, M. and Ghahramani, A. ‘‘Effect of stress level
on the bearing capacity factor, Nγ , by the ZEL method’’, KSCE Journal of
Civil Engineering, 14(5), pp. 709–723 (2010) Springer.
[27] Meyerhof, G.G. The bearing capacity of sand, Ph.D. Thesis, University of
London, London, England, 1950.
[28] De Beer, E.E. ‘‘The scale effect on the phenomenon of progressive rupture
in cohesionless soils’’, Proceedings of the Sixth International Conference on
Soil Mechanics and Foundation Engineering, 2(3–6), pp. 13–17 (1965).
[29] Bolton, M.D. ‘‘The strength and dilatancy of sands’’, Géotechnique, 36,
pp. 65–78 (1986).
[30] Atkinson, J.H. and Bransby, P.L., Soil Behavior and Critical State Soil
Mechanics, McGraw-Hill, (1978).[31] Atkinson, J., The Mechanics of Soils and Foundations, 2nd ed., Taylor and
Francis Group, Routledge, (2008).
[32] Kumar, J., Raju, K.V.S.B. and Kumar, A. ‘‘Relationships between rate of
dilation, peak and critical state friction angles’’, Indian Geotechnical Journal,
37(1), pp. 53–63 (2007).
[33] Veiskarami,M. Stress level based prediction of load displacement behavior
and bearing capacity of foundations by ZEL method, Ph.D. Dissertation
Submitted to the Department of Civil Engineering, Shiraz University,
Shiraz, Iran, 2010.
[34] Budhu, M., Soil Mechanics and Foundations, 2nd ed., John Wiley and Sons,
(2007).
[35] Sokolovskii, V.V. Statics of Soil Media, Butterworth, London, Translated
from the 1942 Russian edition, 1960.
[36] Kumar, J. ‘‘Nγ for rough strip footing using the method of characteristics’’,
Canadian Geotechnical Journal, 40(3), pp. 669–674 (2003).
[37] Kumar, J. and Ghosh, P. ‘‘Bearing capacity factor Nγ for ring footings
using the method of characteristics’’, Canadian Geotechnical Journal, 42,
pp. 1474–1484 (2005).
[38] Eslami, A. and Gholami, M. ‘‘Analytical model for the ultimate bearing
capacity of foundations from cone resistance’’, Scientia Iranica Journal,
13(3), pp. 223–233 (2006).
[39] Bowles, J.E., Foundation Analysis and Design, 5th ed., McGraw-Hill Co, New
York, (1996).
[40] Kimura, T., Kusakabe, O. and Saitoh, K. ‘‘Geotechnical model tests of
bearing capacity problems in a centrifuge’’, Géotechnique, 35(1), pp. 33–45
(1985).
[41] Salgado, R., Bandini, P. and Karim, A. ‘‘Shear strength and stiffness of
silty sand’’, Journal of Geotechnical and Geoenvironmental Engineering, ASCE,
126(5), pp. 451–462 (2000).
[42] Perkins, S.W. and Madson, C.R. ‘‘Bearing capacity of shallow foundations
on sand: a relative density approach’’, Journal of Geotechnical and
Geoenvironmental Engineering, ASCE, 126(6), pp. 521–530 (2000).
Mehdi Veiskarami was born in Iran. He has received his B.S. and M.S. de-
grees in Civil Engineering and Geotechnical Engineering from the University
of Guilan in 2003 and 2005, respectively, as an outstanding student. He ob-
tained his Ph.D. in Geomechanics from Shiraz University under the supervi-
sion of Prof. A. Ghahramani and Dr. M. Jahanandish, graduated in May 2010. He
started his career as an Assistant Professor in the University of Guilan in 2010.
Dr. Veiskarami has published several papers, mainly in the area of Computa-
tional Geomechanics and Soil Plasticity and a book on Mat Foundations.
Mojtaba Jahanandishhas received his B.S. andM.S. degrees in Civil Engineering
from Shiraz University in 1984 and 1988, respectively. He obtained his Ph.D.
from Syracuse University, New York, U.S.A. in 1994. Dr. Jahanandish has been
working in Shiraz University since 1995 and is currently an Associate Professor
in theGeotechnical EngineeringDivision of theDepartment of Civil Engineering.
He has published several papers,mostly in Soil Plasticity, Soil Dynamics and Soil
Reinforcement. He is well known for development of the Zero Extension Lines
(ZEL) Method by which many plasticity problems in soil mechanics have been
investigated and solved. His last contribution is extension of the ZEL method
to 3-dimensional problems in soil mechanics and investigation of the effect of
stress level on the behavior of shallow foundations in 2010.
Arsalan Ghahramani graduated in Civil Engineering (B.S.) from the American
University of Beirut, Lebanon, and received his M.S. and Ph.D. degrees from
Princeton University, USA in 1967. He has been recognized as an Outstanding
Professor (Long Lasting Scientific Face, 2008) in the area of Geotechnical
Engineering. Prof. Ghahramani has made many contributions to the area of Soil
Mechanics and Foundation Engineering in general, and he is well known for his
famous development of the method of Zero Extension Lines. He has published
several papers in this area, and has supervised many Ph.D. students during
the past decades. Prof. Ghahramani has also a brilliant background in practical
projects in the field of Geotechnical Engineering and Seismic Geotechnics.
Design of the Milad Tower foundation located in Tehran around 440 m high,
and the design of many large dams in Iran can be mentioned as some of his
major contributions.
